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Recurrent bursts of toroidicity-induced Alfve´n eigenmodes ~TAE! are studied using a self-consistent
simulation model. Bursts of beam ion losses observed in the neutral beam injection experiment at
the Tokamak Fusion Test Reactor @K. L. Wong et al., Phys. Rev. Lett. 66, 1874 ~1991!# are
reproduced using experimental parameters. It is found that synchronized TAE bursts take place at
regular time intervals of 2.9 ms, which is close to the experimental value of 2.2 ms. The stored beam
energy saturates at about 40% of that of the classical slowing down distribution. The stored beam
energy drop associated with each burst has a modulation depth of 10%, which is also close to the
inferred experimental value of 7%. Surface of section plots demonstrate that both the resonance
overlap of different eigenmodes and the disappearance of KAM surfaces in phase space due to
overlap of higher-order islands created by a single eigenmode lead to particle loss. Only co-injected
beam ions build up to a significant stored energy even though their distribution is flattened in the
plasma center. However, they are not directly lost, as their orbits extend beyond the outer plasma
edge when the core plasma leans on a high field side limiter. The saturation amplitude is dB/B
;231022, which is larger than would appear to be compatible with experiment. Physical
arguments are presented for why the stored energetic particle response observed in the simulation is
still plausible. © 2003 American Institute of Physics. @DOI: 10.1063/1.1580122#I. INTRODUCTION
The toroidicity-induced Alfve´n eigenmode ~TAE! ~Ref.
1! can be destabilized by fast ions which have velocities
comparable to the Alfve´n velocity. A decade ago recurrent
bursts of TAEs were observed with neutral beam injection
~NBI! in the Tokamak Fusion Test Reactor ~TFTR! ~Ref. 2!
and DIII-D ~Ref. 3! experiments. Nearly synchronous with
these TAE excitations, there were observed drops in neutron
emission. Hence it was inferred that the TAE excitations
caused a direct loss of the injected beam ions. In the experi-
ments cited multiple TAE modes bursting at regular time
intervals were observed. The modulation depth of the drop in
neutron emission in the TFTR plasma was typically ;10%
~Fig. 4 of Ref. 2! and the beam confinement time is about
one-half to one-third of the collisional slowing-down time.4
This means that the TAE activity in these experiments sub-
stantially reduced the beam ion energy confinement time be-
cause TAE activity expels a substantial fraction of the ener-
getic beam ions before this energy is absorbed by the core
plasma through drag that is caused by classical collisions.
It was demonstrated in numerical simulations that used a
reduced model employing a mapping method, that resonance
overlap of multiple TAEs enhance the energy release from
fast ions to TAEs and synchronizes the excitation of multiple
TAEs.5 For more quantitative comparisons with experiment,
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Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tomore realistic simulations are needed. The entire geometry of
a tokamak needs to be used together with a realistic TAE
spatial dependence for determining the mode resonances.
Candy et al.6 carried out a reduced simulation with a realistic
TAE spatial profile and where the linear eigenmodes were
coupled to the beam ion dynamics. In the results of Ref. 6 a
single dominant TAE grew to an amplitude of dB/B;2
31022 generating overlapping higher-order islands in phase
space. The stochastic region created by the overlapping
higher-order islands caused a complete flattening of the beam
ion density. Another simulation method has been developed
which is a Fokker–Planck-magnetohydrodynamic ~MHD!
simulation.7 This simulation accelerated classical transport
processes by using a shorter slowing-down time and a larger
heating power than in experiment in order to perform the
calculation in a reasonable computational time. This proce-
dure leads to burst intervals that are shorter than experimen-
tal values by a factor of 1/4. Further in Ref. 7 it was reported
that ~a! a few percent of beam ions are lost with each TAE
burst, ~b! the unstable TAEs are excited in synchronism, and
~c! the system hovers around a marginal stability state. How-
ever, the total stored beam energy was close to that of the
classical distribution. Thus in the MHD simulation the TAE
activity did not affect the stored beam energy although the
beam ion spatial profile was greatly flattened compared to
the classical distribution.
In this paper we report on an investigation, based on a
reduced MHD method for a configuration typical of the8 © 2003 American Institute of Physics
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results of this simulation reproduce quite closely the follow-
ing aspects of the experimental parameters; ~a! synchronized
bursts of multiple TAEs taking place at regular time intervals
close to the experimental value; ~b! a modulation depth in
the stored energetic particles that is close to the one inferred
in experiment; ~c! stored beam energy that is about one-third
of the classical slowing-down distribution. We also analyze
the particle loss mechanism by constructing surface of sec-
tion plots, and investigating the time evolution of purely co-
and purely counter-injected beams to clarify the character of
the response of the two types of beams.
II. SIMULATION MODEL
The simulation uses a perturbative approach where the
TAE spatial profile is assumed fixed, while amplitudes and
phases of the eigenmodes and the fast-ion nonlinear dynam-
ics is followed self-consistently. For simplicity we consider
concentric circular magnetic surfaces to describe the equilib-
rium magnetic field. We use as coordinates, the major radius
R, the vertical coordinate z, the toroidal angle w, the total
speed V , and the pitch angle variable l[V i /V . The mag-
netic field is given by B5Bwwˆ1Bqqˆ with Bw5B0R0 /R ,
Bq52rB0 /q(r)R , where R is the local major radius, R0 is
the major radius on the magnetic axis, q(r) is the safety
factor, and q is the poloidal angle with q5qˆ /r . The elec-
tromagnetic field is a superposition of this equilibrium field
and the perturbed fields due to the TAE modes.
The fast-ion dynamics is followed using the guiding-
center approximation with the particle velocity the sum of
E3B/B2 (uE), grad-B (uB), curvature (uC) drifts, and the
velocity parallel to the magnetic field lines. The guiding-
center velocity is
VGC5Vlb1uE1uB1uC , ~1!
where b is the unit vector parallel to the magnetic field. For
grad-B and curvature drifts only the dominant component
due to the toroidal field is considered,
uB5
m fV2~12l2!
2q fB0R0
zˆ , uC5
m fV2l2
q fB0R0
zˆ . ~2!
The equation for the total speed is the sum of the interaction
with the perpendicular electric field and drag from the back-
ground plasma,
dV
dt 5
q f
m fV
~uB1uC!E’2nS V1 Vc3V2D , ~3!
where n is drag rate ~inverse of the slowing-down time!, and
Vc is the critical velocity above which the energetic ion col-
lisions with electrons dominate the slowing down process.
The parallel electric field vanishes for the ideal magnetohy-
drodynamic ~MHD! waves. The equation for the parallel ve-
locity is given by ~for example, see Ref. 8!
m fV i
dV i
dt 5~V ib1uC!~q fE’2m„B !, ~4!Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject towhere m is the magnetic moment. In Eq. ~4! we consider
only the toroidal field gradient for „B , which is consistent
with the form for the grad-B and curvature drifts used in Eq.
~2!. Equations ~3! and ~4! give the equation for the pitch
angle variable
dl
dt 5
~l2l3!
2B0R0
Ez1
V~12l2!
2R bR . ~5!
A fourth-order Runge–Kutta method is employed to inte-
grate these particle orbit equations. Pitch angle scattering is
taken into account at the end of each time step by using a
Monte Carlo procedure,9 where a particle’s pitch angle is
altered according to the relation
lnew5lold~122ndDt !6@~12lold
2 !2ndDt#1/2, ~6!
where nd is the pitch angle scattering rate, and 6 denotes a
randomly chosen sign with equal probability for plus and
minus.
The algorithm to advance the amplitude and phase of
TAE mode is similar to the one developed in Refs. 5 and 10.
For a single eigenmode with toroidal mode number n and
real frequency v, the scalar potential F and the parallel vec-
tor potential A i are given by
Fs~R ,w ,z !5X(
m
fm~r !sin~nw1mq2vt !, ~7!
Fc~R ,w ,z !5Y(
m
fm~r !cos~nw1mq2vt !, ~8!
F5Fs1Fc , ~9!
A is~R ,w ,z !5X(
m
a im~r !sin~nw1mq2vt !, ~10!
A ic~R ,w ,z !5Y(
m
a im~r !cos~nw1mq2vt !, ~11!
A i5A is1A ic , ~12!
where a relation a im5fm(n2m/q)/vR0 is satisfied since
the parallel electric field vanishes for the ideal MHD waves,
and X and Y denote the amplitude of sine and cosine part,
respectively. The electromagnetic field of the eigenmodes are
determined from the potentials,
Es~c !52„’Fs~c ! , ~13!
Bs~c !5„’3~A is~c !b!. ~14!
The time evolution of the amplitude X and Y are
dX
dt 5@2^jfEs&/2Ws2gd#X , ~15!
dY
dt 5@2^jfEc&/2Wc2gd#Y , ~16!
jf5(
i
wi
m fVi
2~11l i
2!
2B0R0
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where gd is the intrinsic mode damping rate, jf is the sum of
each particles’ grad-B and curvature drift current, wi is a
weight of the ith beam particle, Ws and Wc are the mode
energy for the sine part and cosine parts of the perturbed
field amplitude, and ^ & denotes volume average.
The code is benchmarked with respect to the linear
growth rate of the alpha-particle-driven n54 TAE in the
TFTR D-T plasma shot #103101.11 The eigenmode equations
@e.g., Eqs. ~3! and ~4! of Ref. 12# for two poloidal harmonics
m56 and m57 are solved to obtain the n54 TAE structure.
The initial energetic particle distribution is similar to that of
a previous particle simulation reported in Ref. 10, where
roughly an isotropic distribution for the energetic particles
~which in this benchmark case were alpha particles! is used
in the velocity space. In this benchmark test, which uses
4.23106 markers to represent energetic particles, the colli-
sions are neglected because they do not affect the linear
growth rate. The linear growth rate obtained from this simu-
lation, is 1.031022 of the mode frequency. This linear
growth rate is close to what is observed in the previous par-
ticle simulation 1.131022 ~Ref. 10! and calculated in the
NOVA-K code 831023.13 The discrepancy might be due to
the simplified flux surfaces used here, which are idealized to
be concentric. For this benchmark case and for the TAE burst
simulation, which is reported in the next section, a standard
‘‘full-f’’ method is employed. With the full-f method it is
easy to account for the particle source and sink, especially in
allowing for the removal of particles that reach the wall.
Such removal in a d f algorithm14 would introduce technical
difficulties in implementation. The particle source ~beam ion
injection! and sink ~beam ion loss! are essential ingredients
for the establishment of the TAE bursts.
III. TAE BURSTS
A. Simulation results
For the TAE burst simulation the q-profile is taken to
vary quadratically with minor radius from a central value of
1.2 to an edge value of 3.0, q(r)51.211.8(r/a)2. In the
‘‘vacuum’’ region the q-profile is modeled with a simplified
form of q(r)53(r/a)2. The major and minor radii are R0
52.4 m and a50.75 m. The magnetic field is 1.0 T on axis.
The spatial structure and the real frequency of the eigen-
modes are obtained from a Fokker–Planck-MHD
simulation.7 The plasma density in the simulation is chosen
for simplicity to be uniform 2.231019 m23. Both the core
plasma ions and the beam ions are deuterium. Five eigen-
modes are taken into account. Their toroidal mode number
and real frequency are, respectively, ~a! n51, v50.283vA
~mode 1!, ~b! n52, v50.404vA ~mode 2!, ~c! n52, v
50.278vA ~mode 3!, ~d! n52, v50.257vA ~mode 4!, and
~e! n53, v50.330vA ~mode 5!, where vA[VA /R051.35
3106 s21. The spatial profile of the eigenmodes is shown in
Fig. 1. The linear damping rate of each mode is assumed to
be constant at 43103 s21. The Fokker–Planck-MHD simu-
lation does not give the part of the mode damping rate whichDownloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject todepends on the kinetic properties of the bulk plasma. This
leads to an arbitrariness in the choice of the damping rate and
the eigenmodes in the present simulation. We have chosen
the aforementioned set of eigenmodes and damping rates that
roughly reproduces the experimental results. Even if eigen-
modes and damping rates in the experiment are somewhat
different from those in the simulation, we still expect that the
major results obtained in this work, such as the particle loss
mechanism and the difference between co- and counter-
injected beams, will correlate well with the experiment. We
carried out runs with different damping rates. With a damp-
ing rate of 33103 s21 the major results are essentially the
same as the run reported in this paper. The saturation level of
the stored beam energy is lower by about 20% and the burst
intervals are shorter by about 10%. However, at a lower
damping rate a different type of response is possible. Indeed
for a damping rate of 23103 s21, the observed bursty pat-
tern changes and we obtain a response that is more steady
but with anomalous particle loss.
Beam ions have balanced injection with a constant heat-
ing power of 10 MW and with a spatial Gaussian profile
whose radial scale length is 0.3 m. The injection energy is
110 keV which roughly corresponds to the Alfve´n velocity
FIG. 1. Major four harmonics of the electric potential of Alfve´n eigenmodes
with the toroidal mode number of ~a! n51, v50.283vA ~mode 1!, ~b! n
52, v50.404vA ~mode 2!, ~c! n52, v50.278vA ~mode 3!, ~d! n52, v
50.257vA ~mode 4!, and ~e! n53, v50.330vA ~mode 5!, where vA
[VA /R051.353106 s21. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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uniform pitch angle distribution in the range of 0.7<ulu
<1. In the TFTR experiment two types of limiters, toroidal
belt limiter and three poloidal limiters, were used. In the
poloidal cross section the limiters roughly defined a circle of
radius 1 m. We model these limiters by removing particles if
they reach a torus with axis at R/a53.53 (R52.65 m) on
the midplane and minor radius 1.33a ~1 m!. Figure 2 shows
the configuration of the plasma and the limiter where par-
ticles are removed. Thus the plasma is leaning on the limiter
at the strong field side, while at the weak field side there is a
space from the plasma edge to the limiter whose width is
0.67a ~0.5 m!. In addition to the plasma and the limiter,
examples of counter-injected beam ion orbit and co-injected
beam ion orbit are shown in Fig. 2. By convention the ve-
locity of a co-injected ion is parallel to the plasma current
and in our case the velocity is parallel to the toroidal mag-
netic field as well. Thus negative values of l correspond to
the counter-injected beam ions and positive values of l cor-
respond to co-injected beam ions. The injected particle speed
is V5V0 . The orbits of co-injected ~counter-injected! beam
ions first encounter the plasma edge on the weak ~strong!
field side independent of the direction of the toroidal mag-
netic field. Note that the co-injected particles can stick out of
the plasma on the weak field side, whereas the counter-
injected particles are immediately removed by the limiter
when they reach the edge of the strong field side.
The slowing-down time is assumed to be 100 ms. For an
experimental electron temperature of 2 keV the critical en-
ergy, above which the collisions with electrons dominate the
slowing down process, is 37 keV. The pitch angle scattering
rate is given by nd5nVc
3/2V3. Because the pitch angle scat-
tering rate diverges as the particle speed reaches zero, we
remove particles when they reach V50.1V0 . In order to see
the effect of beam ion confinement from prompt loss, pitch-
FIG. 2. Configuration of the plasma and the limiter, and examples of
counter-injected beam ion orbit and co-injected beam ion orbit. The velocity
of the co-injected ion is parallel to the plasma current. The orbits of co-
injected ~counter-injected! beam ions are displaced from magnetic surfaces
towards the weak ~strong! field side.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject toangle scattering, and the numerical sink at V50.1V0 , we
carry out a simulation with 5.23105 particles without any
TAEs. In Fig. 3 we show the time evolution of the stored
beam energy and compare it with that of an ideal classical
distribution which is established with only a particle source
and slowing down without any of the particle sinks men-
tioned above. In the relative units of this figure, the ideal
classical distribution saturates at relative level of 0.83,
whereas that of the simulation saturates at a relative level of
0.78, namely, 94% of that of the ideal classical distribution.
Thus the induced particle loss due to prompt loss, pitch-
angle scattering, and the numerical sink are small. Both the
ideal classical distribution and simulation have saturated at
t560.3 ms when the injected particles slow down to V
50.1V0 . This suggests that the effects of the numerical sink
at V50.1V0 are negligible. We have carried out another clas-
sical simulation without any pitch angle scattering for the
purpose of investigating whether the cause of classical par-
ticle loss is due to prompt loss or pitch-angle scattering. The
relative saturation level without the pitch angle scattering is
0.79 which is close to that obtained by including pitch angle
scattering, which gives a relative saturation level of 0.78.
Thus the particle loss to the walls in the classical simulation
is due primarily to the prompt loss of counter-injected beam
particles with virtually no prompt loss of for co-injected
beam particles.
The number of particles used in the simulation runs to be
described below is 2.13106 ~unless otherwise specified!. We
start the simulation at an initial time taken as t50 when the
beam ions are first injected. As time passes, energetic ions
gradually accumulate. The time evolution of the amplitude of
each mode is shown in Fig. 4. We see that synchronized
bursts take place recurrently at a burst interval that is roughly
2.9 ms which is reasonably close to that of the experimental
value of 2.2 ms in the TFTR experiment that we are compar-
FIG. 3. Time evolution of stored beam energy of an ideal classical distribu-
tion where there is no direct edge loss with that of a classical simulation
where there is edge loss due to prompt losses and pitch angle scattering.
Also shown for the latter case is the time evolution of the separate co- and
counter-injected beams. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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two modes 2 and 5, and density at various minor radii. We
can see that the mode 2, which is located at the plasma
center, has precursory growth before both the modes grow
together in synchronism during each burst. Because the beam
injection profile peaks at the plasma center, mode 2 is desta-
bilized before mode 5. We can see complete flattening of the
density at the plasma core (r/a,0.72) and small increase in
FIG. 4. Amplitude evolution of all the eigenmodes during the simulation.
FIG. 5. Time evolution of the dominant two modes 2 and 5 and the density
of the co-injected beam ions at various minor radii.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tothe density at the plasma edge (r/a>0.72). The beam ions
stored at the plasma core during the quiescent phases are
transported to the plasma edge and lost during the bursts. In
Fig. 6 we show the time evolution of the stored beam energy
and compare it with that of the two classical distributions
mentioned above. The modulation depth of the drop in the
stored beam energy is 10% which is close to the inferred
experimental value of 7%. In the relative units of this figure,
the distribution that would result without fluctuations ~the
‘‘classical simulation’’ in Fig. 6!, saturates at a relative level
of 0.78, whereas that of the simulation with TAE bursts satu-
rates at 40% of this value, at a relative level of 0.31 and with
a volume averaged beam ion beta value ~defined here as 2/3
of stored kinetic energy divided by the magnetic field energy
averaged over the volume! of 0.6%. We thereby find good
agreement between the simulation and the experiment where
the beam ion energy confinement time is about one-half to
one-third of the beam energy slowing down time and the
estimated beam ion beta value is 0.5%.2,4
A basic feature of the simulation that is apparent in Fig.
6 is the dramatic difference between the stored beam energy
of co- and counter-injected beams whose velocity is parallel
and antiparallel to the plasma current, respectively. The loss
in counter-injected beam energy induced by the TAEs’ activ-
ity is 88%, while that in co-injected beam energy is 37%.
Figure 7 shows the spatial beta profiles of both co- and
counter-injected beams at the end of the simulation. The beta
profile of the co-injected beam ions is broadened and ex-
tended beyond the plasma edge (r/a51), while that of the
counter-injected beam sharply peaks at the plasma center.
Figure 8 shows a plot of the time evolution of the counter-
injected and co-injected beam ion density as functions of the
minor radius r after they are averaged in the poloidal and
toroidal directions. We see substantial drops in density at the
plasma center both for the counter-injected and the co-
injected beam ions at each burst. At the plasma edge small
FIG. 6. Time evolution of the stored beam energy from the combined effect
of classical transport and self-consistent TAE mode excitation. For compari-
son the stored energy of the ‘‘ideal classical distribution’’ and the ‘‘classical
simulation’’ results are shown. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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III C we will investigate the particle loss mechanism and
discuss why the stored beam energy is so different between
the co- and counter-injected beam ions.
FIG. 7. Radial beta profiles at the end of the simulation that develop from
co- and counter-injected beams.
FIG. 8. ~Color! Evolution of beam ion density in (t ,r) space ~after t
550 ms) for: ~a! counter-injected beam ions; ~b! co-injected beam ions.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject toB. Convergence with particle number
To check numerical convergence a test run was carried
out where the number of particles was chosen as 5.23105.
This was a quarter of the standard number of particles 2.1
3106 that was used in the previous run. The results of the
test run are shown in Fig. 9 where we display the time evo-
lution of the stored beam energy and compare it with that of
the two classical distributions. We see that synchronized
bursts take place recurrently at a burst interval 2.8 ms which
is close to the value of 2.9 ms for the run that uses the
standard number of particles. The modulation depth of the
drop in the stored beam energy in the test run is 9% ~10%
with the standard number of particles!. In the relative units of
this figure the stored beam energy of the test run saturates at
a relative level of 0.30 ~0.31 with the standard number of
particles!. We conclude that we have a good numerical con-
vergence so that the number of particles used is sufficient for
the results presented in this work.
C. Particle loss mechanism
We now consider how the energetic particle loss mecha-
nism is to be understood. To study this, we study surface of
section plots where only one eigenmode is taken into account
and the amplitude of the eigenmode is at a constant value.
We choose particles which have a constant value of E8[E
2vPw /n , where E is particle energy and Pw is canonical
toroidal momentum, because E8 is conserved in the interac-
tion of a constant amplitude wave with frequency v and
toroidal mode number n. Then with a single mode we have a
conserved variable and we can make surface of section plots
that are easily interpretable ~otherwise, with more than one
mode we would obtain phase oscillations about KAM sur-
faces that ruin the simplicity of the output so that we would
have difficulty resolving KAM boundaries!. Thus by looking
at a set of single-mode results we can predict the emergence
of stochasticity, and whether stochastic regions ~or phase
FIG. 9. Time evolution of stored beam energy using 5.23105 particles, a
quarter of the standard run ~shown in Fig. 6!. The correlation between the
results of the two runs indicate numerical convergence. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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can thereby determine whether we have achieved global sto-
chasticity. Because the co-passing ~counter-passing! particles
are lost at the outer ~inner! edge, we choose a separate E8 for
co- and counter-passing particles. Hence for co-passing par-
ticles E8 is defined on the outer edge midplane at R/a
54.87, with V5V0 , and l51, while for counter-passing
particles E8 is defined on the inner edge at R/a52.2, with
V5V0 , and l521. In this surface of section plots the speed
of particles varies from the plasma center to the limiter. The
largest difference in the speed is 30% for co-passing particles
with mode 1, for which the toroidal mode number is n51,
while the smallest difference is 6% for counter-passing par-
ticles with mode 5, for which the toroidal mode number is
n53. In the surface of section plot we print the major radius
R/a and phase, nw2vt , of a counter- ~co-! passing particle
each time the poloidal angle of the particle reaches u
5180° ~0°!. Note that in these plots the co-passing particles
can reach radii that stick out of the plasma.
Before we report the surface of section plots, it must be
ascertained whether the mode frequency remains roughly
constant during a pulsation period of the simulation. In Fig. 5
we can see that the particle transport takes place from t
562.6 ms to t563.3 ms during a pulse. We investigate how
much the mode frequencies change during this period and
FIG. 10. Time evolution of frequency modulation during a pulsation in the
standard run of ~a! mode 1, ~b! mode 2, ~c! mode 3, ~d! mode 4, and ~e!
mode 5.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tothe results are shown in Fig. 10. The frequencies of modes 2
and 5, which have the largest amplitudes, change by about
3% and 1% for each eigenfrequency. The frequency fluctua-
tions of the other modes are larger, because the frequency of
small amplitude modes are more strongly affected by nu-
merical noise due to the discreteness arising from using a
finite number of particles. To investigate the effect of the
frequency change on the particle transport we carried out a
test particle run which starts with the data of the standard run
at t562.6 ms. In this test particle run the amplitudes of all
the modes evolve by following the time history of the stan-
dard run but their frequencies are fixed at the linear eigen-
frequency of each mode. In Fig. 11 we compare the density
profiles at t563.3 ms with those of the standard run. We see
good agreements between the two runs. Thus, the effect of
the mode frequency change is negligible with regard to par-
ticle transport and the use of the surface of section plots
~described below! is relevant to the understanding of the par-
ticle loss mechanism.
FIG. 11. Comparison of radial density profiles of a test particle run ~circles!
with a standard simulation run ~solid curve!. An identical initial profile is
taken at t562.6 ms ~dashed curve! for ~a! co-injected beam and ~b! counter-
injected beam. In the test particle run the amplitudes of all the modes follow
the time history of the standard run but frequencies are clamped at the linear
eigenfrequency of each mode. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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between bursts. We show in Figs. 12 and 13 surface of sec-
tion plots for the counter-passing and co-passing particles,
respectively, where the field amplitude of the dominant four
eigenmodes is fixed in time at an ambient level dB/B52
31023. Figure 12 shows the plots for the strong field side,
while Fig. 13 is for the weak field side. We see in Fig. 12~d!
FIG. 12. Surface of section plots for counter-injected beam ions where the
field amplitude is fixed in time at an ambient level dB/B5231023 for ~a!
mode 1, ~b! mode 2, ~c! mode 3, and ~d! mode 5.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tothat KAM surfaces disappear near the plasma edge R/a
,2.4. Thus even with the ambient amplitude particle loss
takes place but the amount of loss is too small to stop the
increase in the stored beam energy because only the counter-
passing particles at R/a,2.4 are lost. Figure 14 shows sur-
face of section plots for the counter-passing particles at 2.2
,R/a,2.6 where the field amplitude of mode 5 is fixed at a
lower level dB/B5831024. Now the particle dynamics
FIG. 13. Surface of section plots for co-injected beam ions for the same
mode and amplitude as Fig. 12. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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emergence of second- and fourth-order islands around R/a
52.27 and R/a52.35, respectively, in addition to the two
first-order islands around R/a52.22 and R/a52.32. With
increasing field amplitude these islands overlap to eventually
destroy the KAM surfaces and create the stochastic region
that appears in Fig. 12~d!.
Next, we examine the field amplitude when the loss
stops the increase in the stored beam energy. The markers in
Fig. 15 show the mode amplitude at the times when the
stored beam energy takes on relative maximum values during
the simulation run. We show in Figs. 16 and 17 the surface of
section plots for the counter-passing and co-passing particles,
respectively, where the field amplitude of the largest four
eigenmodes is fixed in time at ~a! dB/B5431023 for mode
1, ~b! dB/B5731023 for mode 2, ~c! dB/B5431023 for
mode 3, and ~d! dB/B5631023 for mode 5. These ampli-
tudes are higher than the ambient amplitudes between bursts,
but considerably lower than the peak amplitudes these bursts
reach. We see in Figs. 16~d! and 17~d! that the KAM surfaces
are destroyed for mode 5 near the plasma edge R/a,2.6 and
R/a.4.6, respectively, which then leads to particle loss even
before the modes reach their peak amplitude. We should no-
tice that in Fig. 17~d! the KAM surfaces exist at 4.4,R/a
FIG. 14. Surface of section plots for counter-injected beam ions for mode 5
with lower amplitude dB/B5831024.
FIG. 15. Amplitude of all the eigenmodes at the times when the value of the
stored beam energy reach relative maxima.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject to,4.6 for co-injected beam ions, which strongly inhibit co-
particle diffusion from the plasma center to the edge at this
field amplitude. Thus there is a substantial delay in co-
moving particle loss compared with that from counter-
moving particles.
In Figs. 18 and 19 we show surface of section plots at
FIG. 16. Surface of section plots for counter-injected beam ions when the
field amplitude is fixed in time at: ~a! dB/B5431023 for mode 1, ~b!
dB/B5731023 for mode 2, ~c! dB/B5431023 for mode 3, and ~d!
dB/B5631023 for mode 5. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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counter- and co-injected beam ions, respectively, with satu-
ration amplitudes ~a! dB/B51.531022 for mode 1, ~b!
dB/B52.231022 for mode 2, ~c! dB/B51.231022 for
mode 3, and ~d! dB/B52.531022 for mode 5. The KAM
surfaces are destroyed near the limiter @R/a52.2 in Figs.
18~a!, 18~c!, 18~d!, and at R/a54.87 in Figs. 19~c!, 19~d!#.
Thus the potential for particle loss appears to be very similar
FIG. 17. Surface of section plots for co-injected beam ions for the same
mode and amplitude as Fig. 16.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tofor both counter- and co-injected beam ions at the highest
saturation amplitudes. There is however a significant differ-
ence in the stored beam energy between counter- and co-
injected beam ions. It can arise from the difference in the
particle diffusion time. We have found two qualitative rea-
sons for this. First, the unperturbed orbits of co ~counter!-
FIG. 18. Surface of section plots for counter-injected beam ions with satu-
ration amplitudes; ~a! mode 1, dB/B51.531022, ~b! mode 2, dB/B52.2
31022, ~c! mode 3, dB/B51.231022, and ~d! mode 5, dB/B52.5
31022. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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wards the weak ~strong! field side. It is significant that on the
weak field side there is a spatial region ~where there are no
perturbed fields! which extends from the plasma edge to the
limiter as shown in Fig. 2. Thus the time-averaged displace-
ment of co-passing particles that are sticking out of the
plasma and its resulting diffusion coefficient is smaller than
for counter passing particles which always sample the per-
FIG. 19. Surface of section plots for co-injected beam ions for the same
mode and amplitude as Fig. 18.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject toturbed fields within the plasma. Further co-passing particles
have room to move to larger radial distance than counter-
passing particles. Thus for fixed perturbing fields, these as-
pects would increase the diffusion time of co-injected beam
ions compared to that of the counter-injected beam ions. Sec-
ond, as mentioned above, the KAM surfaces at 4.4,R/a
,4.6 for co-injected beam ions in Fig. 17~d! suppress the
transport in the outer region for a large fraction of the TAE
burst time. Apparently, the time that the co-passing particles
are diffusive is short enough to prevent loss of a large frac-
tion of the stored co-passing particle energy. On the other
hand for counter-injected beam ions tend to be rapidly lost.
The exception is near the plasma center where it can be
observed in Fig. 18 that KAM surfaces still exist which leads
to the peaked central density profile of the counter-injected
particles.
FIG. 20. Amplitude evolutions of all the eigenmodes for counter-injection.
FIG. 21. Time evolution of stored beam energy using only counter-injected
beams. Result from simulation is compared with the classical result. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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We have observed a complete contrast in the capacity to
store beam energy between co- and counter-injected beam
ions when TAE excitations are present. Compared to the
classical transport predictions for the parameters of the simu-
lation, about 2/3 of the classically predicted co-beam energy
was stored, while only about 0.1 of the classically predicted
counter-beam energy was stored. To better understand this
difference it is interesting to investigate separately the time
evolutions of purely co- and purely counter-injection.
First we examine purely counter-injection. In this run
only the counter-beam is injected with a heating power of 10
MW. All other conditions are the same. The time evolution
of the mode amplitude is shown in Fig. 20. The saturation
amplitude of modes 1 and 3 exceed dB/B;331022 while
that of mode 2 and 5, that were dominant in the balanced-
injection run, are at lower levels. Figure 21 shows the time
evolution of stored beam energy. The modulation depth of
the drop in the stored beam energy is 83%, which is larger
than that of the counter beam particles in the balanced injec-
tion run ;50%. In the relative units of this figure, the clas-
sical stored energetic particle distribution of counter injected
FIG. 22. ~Color! Plot of time evolution of the beam ion density in (t ,r)
space for counter-injection.
FIG. 23. Amplitude evolution for all the eigenmodes for co-injected beams.Downloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject toparticles saturates at a relative level of 0.74 which is twice
that of the classically stored counter-injected beam energy
shown in Fig. 3. In contrast the stored energy of the simula-
tion saturates at a peak relative level of 0.11, namely, 15% of
that of the classical simulation. The time interval of the
bursts is about 4.4 ms which is about 1.5 the burst period of
the balanced-injection run. It takes a longer time for the
beam ion distribution to build up to a level to excite a burst,
because more than 80% of the beam energy is lost at each
burst and the total increase in stored energy, starting from the
minimum stored energy state, is more than in the previous
run, when there was a smaller change of stored energy be-
tween each burst. Figure 22 shows a plot of the time evolu-
tion of the counter-injected beam ion density as a function of
the minor radius r after it is averaged in the poloidal and
toroidal directions. Clearly the changes in beam ion density
associated with TAE bursts are large.
Next we investigate purely co-injection. What is
changed from the previous runs is that only the co-beam is
FIG. 24. Time evolution of stored beam energy using only co-injected
beams. Result from simulation is compared with the classical result.
FIG. 25. ~Color! Plot of time evolution of the beam ion density in (t ,r)
space after t540 ms with co-injected beams. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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tion of the mode amplitudes are shown in Fig. 23. The satu-
ration amplitudes of the dominant two modes, 2 and 5, are
the same as in the balanced-injection run. Figure 24 shows
the time evolution of stored beam energy. The modulation
depth of the drop in the stored beam energy is 3% which is
comparable to the fractional drop of the co-injected beam
~3%! in the balanced run. In the relative units of this figure,
the ideal classical stored energetic particle distribution satu-
rates at relative level of 0.83, whereas that of the simulation
roughly saturates at a relative level of 0.48, namely, 58% of
that of the ideal classical simulation. The period between
bursts is about 2.5 ms which is substantially shorter than the
counter-injection run and a slightly shorter period than with
balanced injection. Figure 25 shows a plot of the time evo-
lution of the co-injected beam ion density as a function of the
minor radius r after it is averaged in the poloidal and toroidal
directions. In a manner similar to Fig. 8~b!, the density gra-
dient in the plasma center take place at each burst, while the
change of particle number at the plasma edge is small. In the
next section we discuss whether the edge gradient affects the
stability.
E. Effects of the edge gradient on the stability
In order to investigate the effect of the edge gradient on
the stability we have carried out another run which modifies
the purely co-injection run, starting at a time when the profile
is flattened in the core (t550.1 ms). We attempt to minimize
the effect of instability arising from the core pressure gradi-
ent by modifying the simulation just at a time that the inter-
nal core pressure gradient is flattened by a TAE burst. Due to
the intrinsic mode damping finite pressure gradient remains
at this moment although the mode amplitudes are decreasing
in Fig. 23. We have confirmed that the density profile is
completely flattened in the core (r/a<0.72) at this moment.
The run is restarted at this moment with the beam ion pres-
sure doubled everywhere, thereby increasing the edge pres-
sure gradient. In addition beam injection and collisions are
turned off. Figure 26 shows the time evolution of the domi-
nant two modes 2 and 5, and beta value at various minor
radii. We see that the mode amplitudes initially slightly grow
due to the doubled pressure and eventually damp to low
levels dB/B;1023. The pressure profile settles to a steady
state which appears to be marginally stable. We should notice
that even the doubled pressure profile at the edge (r/a
>0.72) is maintained. This suggests that the original edge
gradient, which is maintained by particles sticking out of the
plasma, has only negligible effects on wave stability. We can
infer that in our usual runs that the stability is governed by
newly injected particles since there are regularly repetitive
bursts that appear with the same time intervals, amplitudes,
and particle loss. These characteristics apply to runs with,
balanced-injection, purely counter-injection, and purely co-
injection. In these runs, the newly injected particles cause the
internal particle profile to peak at the plasma center and this
gradient drives the instability that flattens the internal pro-
files that the newly injected particle have built up. In addition
there is loss of part of the ion population. Newly injectedDownloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject toco-passing particles which are not lost by their first burst are
scattered to the plasma edge. Co-passing particles at the
plasma edge can survive the subsequent bursts because the
interaction between the particles and the TAEs is weak and
there is a enough space between the plasma edge and the
limiter. They stay at the plasma edge for a long time compa-
rable to the slowing down time and form a pedestal which
support the spatial profile in the core. On the other hand
counter-passing particles do not have such a space to stay
and they are lost after one or two bursts.
IV. DISCUSSION AND SUMMARY
Our simulation of the energetic particle interaction with
a selected set of TAE modes predicts saturation levels of
dB/B;231022. The experimental amplitude measured by
Mirnov coils at the plasma edge is dB/B;331025,15 much
lower than simulation predicts. However, we cannot compare
the simulation amplitude with that measured by Mirnov coils
because the structure of the eigenfunction is not accurate
near the edge because the MHD description is not valid in
the vacuum gap. On the other hand, the experimental plasma
displacement has been estimated j;5 – 10 mm from the den-
sity fluctuation.16 This enables us to estimate the amplitude
dB/B;v/VA;vj/vAR;0.6– 1.331023. With this esti-
FIG. 26. Time evolution of the dominant two modes 2 and 5 and the beta
value of the co-injected beam ions at various minor radii in the run which
succeeds the purely co-injection run, starting at a time when the profile is
flattened in the core (t550.1 ms). When the run is started the beam ion
pressure is doubled. AIP license or copyright; see http://pop.aip.org/pop/copyright.jsp
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with the results of our simulation. Other nonlinear mecha-
nisms, that have not considered in this study, might suppress
the level of mode amplitudes observed in this simulation and
yet still produce fast energetic particle diffusion at perturbed
field levels that are closer to what experiment would esti-
mate. One possible mechanism that could reduce the mode
level without changing the magnitude of the particle bursts is
MHD mode coupling to a broader spectrum of waves. More
sophisticated MHD calculations are needed to examine how
lower level saturation can be achieved. Still it is quite con-
ceivable that the rate and magnitude of energetic particle loss
observed in both experiment and in this simulation are rela-
tively insensitive to the peak amplitude, but dependent on the
self-consistent energetic particle pressure profile that will in-
duce global stochasticity.
Bursting behavior of TAEs has been described using the
heuristic predator-prey model17 and our simulation captures
some aspects of this model and gives a physical mechanism
for the predator–prey response. It has been previously ar-
gued that resonance overlap synchronizes the behavior of
multiple TAEs and can explain the experimentally observed
intermittent TAE bursts and energetic particle loss ~see Ref. 5
which used a reduced simulation and Refs. 18, 19 which are
based on quasilinear models!. In this paper we have made the
first numerical demonstration, using parameters that are quite
similar to that of experiment, that a numerical simulation can
closely reproduce many experimental characteristics. These
include: ~a! the synchronization of multiple TAEs taking
place at time intervals fairly close to the experimental value;
~b! the modulation depth of the drop in the stored beam
energy that closely matches the experimental value; ~c! the
stored beam energy saturating at about one-half to one-third
of that predicted for a classical slowing down distribution.
We have analyzed the particle loss mechanism and found
particle loss that is due to: ~1! the resonance overlap of dif-
ferent eigenmodes; ~2! the disappearance of KAM surfaces
in phase space due to overlap of multiple nonlinear islands
created by a single eigenmode. We have found that counter-
injected beam ions are much more easily lost than co-
injected passing particles when the limiter is such as to pref-
erably scrape-off particles whose equilibrium orbits are
shifted to the inside of the toroidal boundary. The surviving
counter-injected particles are sharply peaked in the center. In
contrast, the co-injected beam ions have difficulty reaching
the limiter because their equilibrium orbits are shifted to the
outside of the torus where there is a great deal of room be-
tween the plasma edge and the limiter. As a result a co-
moving particle tends to survive diffusion to the edge and it
is likely to diffuse back to the inside of the plasma. Their
stored energy profile is extended throughout the confinement
region, and quite significantly, their population can be built
up to a substantial fraction of the classical level! For the
purely counter-injected beam, a large fraction of the stored
beam ions is lost with each burst, even when the stored en-
ergy is quite low and we observe longer burst intervals than
in either the balanced or co-injected cases. This is because
there is a larger change of stored energy between bursts, even
though the maximum stored energy is substantially lowerDownloaded 02 Mar 2009 to 133.75.139.172. Redistribution subject tothan in the other two cases. For the purely co-injected beam
we have found that modest gradients in the center are peri-
odically flattened but the edge gradient near the wall can
become large. Remarkably, this gradient appears to have a
negligible effect on wave stability.
In summary, except for the saturation of the field level,
our simulations appear to match the TFTR experiment.2,4 We
reproduce the saturated stored energy, the burst rate and the
magnitude of particle loss per pulse. This achievement sug-
gests that the loss characteristics are insensitive to the spe-
cific nonlinear mechanisms that truly exist in the experiment.
The identification of the true mechanism of wave saturation
and particle loss remains to be identified in future work.
Furthermore, we have concluded that the stored beam energy
should be predominantly in the co-direction when there is a
limiter leaning on the inner edge. It would be interesting to
verify this assertion in future experiments, as past data re-
garding this issue does not appear to be available.
Since successful confinement of energetic alpha particles
is required for self-sustained operation, the nonlinear evolu-
tion of TAEs, especially the TAE bursts, is an important issue
for fusion plasmas. We have demonstrated that reduced
simulations, like the one presented here, may be extremely
useful in the future in predicting the characteristic response
of alpha particles in burning plasma regimes when TAE
modes are excited.
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